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of "true dynamic stability," it is of considerable interest to us for two reasons: first, as shown by the writers just cited, there are situations where the two concepts are equivalent; second, because the equilibrium whose "stability" Hicks studies is indeed competitive equilibrium.5 But again, little is known about conditions under which Hicksian stability prevails. There is thus a gap in this field and our aim is to help fill it. The task consists in constructing a formal dynamic model whose characteristics reflect the nature of the competitive process and in examining its stability properties, given assumptions as to the properties of the individual units or of the aggregate excess demand functions. The results here presented cover certain special classes of cases and many important questions remain open.
2. Dynamic concepts. We shall be dealing with only one type of dynamic system, that of a set of simultaneous ordinary differential equations (with time not appearing explicitly). Let these equations be written as An equilibrium point p is said to be locally stable if there exists a neighborhood N(p) of p such that for any point p0 of the neighborhood N(P) every7 solution 1 converges to p, i.e., cepts of stability (dynamic versus Hicksian), the implications of the competitive model are not known. Thus, for instance, we do not know whether Samuelson's example in which Hicksian perfect stability is present but dynamic stability is lacking ([30, 31, p. 273]) is compatible with competitive equilibrium, convex preferences, etc. 5 When there are only two goods in the economy, the "true dynamic" and Hicksian concepts coincide. The stability of competitive equilibrium in this case was studied by Walras ([37, Lesson 7]), although without a formal dynamic framework. 6 For the fundamental theorems concerning the existence and uniqueness of solutions the reader may wish to consult Coddington and Levinson [9] . 7 It is conceivable that there might be more one solution ("path") YJ' with a given initial value. This should be distinguished from the possibility of multiple equilibria, i.e., multiple solutions (points) P of (3). ( 
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(This is Samuelson's "stability of the first kind in the small.") An equilibrium point is said to be locally unstable if it is not locally stable. If an equilibrium point p has the property (5) lim T (t;po) = for all Po (and for every solution W), it is said to be globally stable ("stability of the first kind in the large").
We shall encounter situations where (3) has more than one solution, i.e., where there are multiple equilibria (or where at least the possibility of multiple equilibria cannot be excluded). When there are two or more equilibria, it cannot be the case that all equilibrium points are globally stable,8 but the system as a whole may still be endowed with an important stability property. Denote by E the set of all equilibrium points. We shall call the system (1) stable if and only if (6) for each po there is some equilibrium point pb in E such that lim q (t;po) t e oo i.e., no matter where one starts, there is a tendency to approach some equilibrium point. Clearly, when equilibrium is unique (i.e., when (3) has only one solution f), if the system is stable in the sense of the preceding definition, the unique equilibrium point p is globally stable.9 3. The adjustment process. From among the many possible dynamic versions of the market process'0 we have chosen two particular ones, here labelled, respectively, (A) the instantaneous adjustment process, and (B) the lagged adjustment process. The instantaneous adjustment process is well-known and is of particular interest because it is close to the formulations of Walras, Hicks, and many other writers, and because (comparatively) a great deal is known about it. The lagged adjustment process is of interest in the context of various gradient processes," but our main emphasis is on the instantaneous process defined below. The lagged process is defined, and some of its properties examined, in the Appendix to Part I.
The instantaneous adjustment process. In this process the variables (as anticipated by the notation of the preceding section) are the ("normalized") prices pl,P2 .2.,pm of the m commodities (other than the numeraire) in terms of another commodity called the numeraire whose price is set at 1. (For labelling purposes the numeraire is characterized by the subscript 0. Counting the numeraire, there are m+ 1 commodities. We use the terms "commodity" and "good" interchangeably.)
The instantaneous adjustment process is defined by the differential equations, It is this latter function that forms the right-hand side of the differential equations defining the instantaneous adjustment process (Section 3, (1)).
12 Throughout this paper it is assumed that the budget constraint is satisfied as an equality for each individual maximizing his utility. This is called non-saturation of the individual (with regard to some commodity at least). Non-saturation with regard to each commodity is a much stronger condition: it means that an individual's utility can always be increased by giving him more of any one commodity while the amounts of all other commodities remain constant. 13 In general, the amount X' maximizing ut subject to (2) and (3) need not be a single-valued function of the prices, but we shall confine ourselves to situations where they are because otherwise the precise meaning of the adjustment equations becomes problematical. But while (5) cannot be dispensed with entirely, a considerable weakening is possible. 18 The existence of such results makes it possible, to some extent at least, to have a "two-level" structure of analysis. At one level, one makes assumptions, viz., those of continuity and single-valuedness, on the (individual or aggregate) excess demand functions. These assumptions are essential statically in that they guarantee the existence of equilibrium, but also dynamically in that they make the adjustment equations meaningful, and they furthermore guarantee the existence of solutions ( sumptions about individual units, the implication running by way of the properties of excess demand functions. In some cases it is obvious how this can be done, and we confine ourselves to the statement of the "first level" dynamic results. But in some cases (e.g., Appendix to Part II) we derive some additional results in the theory of individual units which we need for dynamic implications.
6. Summary of results. In the present paper we have examined several classes of cases from the viewpoint of their stability properties. In Part I we mainly study situations where there is no trade at equilibrium; in particular, this covers the case of identical individuals and the case of a Paretooptimal initial resource distribution; for technical reasons, the case of a market satisfying the weak revealed preference axiom is also treated there. Part II is devoted to the case of two commodities, one of which is used as numeraire; this case is of interest because it can be treated more completely and also because it has implications (via composite commodity construction) for cases of more than two commodities. Part III deals with the case where all goods are gross substitutes at all prices; it is also shown that certain other situations one might wish to study by analogous methods (such as universal prevalence of gross complementarity or the Morishima20 case extended to all m+1 commodities) contradict the postulates underlying the usual competitive equilibrium analysis. (The latter findings may be of some interest even apart from their dynamic implications.)
In each of these cases we took advantage of the findings and conjectures to be found in the work of Walras, Hicks, Samuelson, Lange, Metzler, and others; on the other hand, we have also tried to show how our results are related to some of the problems they have posed.
Whenever possible, we took the global viewpoint, but in some cases (e.g., the case of universal gross substitutability where there are more than three goods) we had to be satisfied with local results. (Further global results will be found in [3] .)
The nature of our findings can be summiarized very simply by saying that in none of the cases studied have zee found the system to be unstable under the (perfectly competitive ) adjustment process, whether instantaneous or lagged. To put it in the more positive form: (a) where equilibrium is unique (as, for instance, in the gross substitution case) we have found global stability in some of the cases studied, while in others local stability has been proved (with the question of global stability remaining unresolved); (b) where there is a possibility of multiple equilibria (as in Part II), we have found in the class of cases studied that the system is stable (in the sense of our definition in Section 2), even though some equilibria may be locally unstable. i=l 21 The "correspondence principle" could still be highly useful in other contexts, e.g., in macroeconomics.
22 See Arrow and Hurwicz [5] . This is a special case of Liapounoff's "second method" for proving stability. 24 With regard to a production economy, it is still true that x4 -4 as t -* oo, but we have no basis for making the corresponding assertion with regard to prices. 25 Since the condition xk = 0 means that there is no trade at equilibrium one obtains a result analogous to that underlying Theorem 1 and its corollaries; however, since the budget constraint need not be satisfied, the convergence in the x's does not imply that in the P's. We have is the unique equilibrium point.
It then follows that dp/dt f(p) < 0, so that YI(t;po) is decreasinig so long as it is positive, and lim /'(t;po) 0 for allpo > O; that is, we have stability in the large for the (unique) equilibrium point 0 and, of course, the system is stable. Differentiating with regard to p in (3) and omitting superscripts, we get (with f' d tlxl/dp), two goods (m --1) , unique equilibriumi is necessarily stable. Now at a stable equilibrium the excess demand function cannot be sloping upward. Hence, "Giffen's paradox" must be absent (a good cannot be "inferior") at a unique equilibrium in the case of two goods. Now let us see whether there can be complementarity between the two goods at equilibrium. As Hicks has pointed out ([17, Appendix]) (net) complementarity, as he has defined the term, cannot be present unless there are at least three goods, but we may ask whether there can be gross complementarity defined by the inequalities 37 In the present version of this section we therefore merely state without proof two of the original theorems, establishing local stability in general and global stability for the case where the initial price values are such as to produce positive aggregate excess demands for all commodities (or negative excess demands for all commodities) other than the numeraire. In the next section, we state and prove a theorem on global stability in the case of three commodities; the simple semi-graphic analysis possible in this case will provide a useful introduction to the more difficult proofs for the general case. and suppose strong (gross) substitutability prevails, i.e., akj > 0 (k # j; 43 As Morishima has shown, an alternative formulation of his case is the following: The set of all commodities k (k 0, ...,m) can be divided into two non-overlapping subsets R and S, such that ars > 0 (gross substitutability) if both r and s are in the same subset and such that a rs < 0 if r and s are in different subsets. 48 We shall now prove a theorem which shows that neither the case of universal complementarity nor the Morishima case can hold for all values of the price vector if the excess demand functions are assumed to be homogeneous of degree zero in the non-normalized prices and are assumed to satisfy Walras' Law. More precisely, we show this impossibility for a class of cases which includes these two. THEOREM 12. It is not possible to divide all the commodities (including the numeraire) into two non-empty sets R and S such that ofr/lps < 0 for all reR, s eS, and all price vectors p. 47 In words, if commodity r is a gross substitute (complement) for commodity s, then commodity s is a gross substitute or complement, respectively, for commodity r; substitutes of substitutes and complements of complements are substitutes; and substitutes of complements and complements of substitutes are complements. 48 Morishima in his own analysis of dynamic stability applied the above-stated conditions only to the non-numeraire commodities 1, 2,. . .,m. In the following analysis, however, we have used the term, "Morishima case," in the sense of the above paragraph, that is, applying to all commodities.
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